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NONEXISTENCE AND NONUNIQUENESS RESULTS FOR SOLUTIONS TO THE 
VACUUM EINSTEIN CONFORMAL CONSTRAINT EQUATIONS 

THE-CANG NGUYEN 


Abstract. In this article, we give nonexistence and nonuniqueness results for the vacuum Einstein 
conformal constraint equations in the far from CMC case and also show that in some cases the equations 
of the conformal method for positive Yamabe metrics and with TT-tensor cr = 0 have a non-trivial 
solution, and thus answer a question by D. Maxwell [18]. 


1. Introduction 

1.1. Background. In general relativity, a space-time is a (n -i- l)-dimensional Lorentzian manifold 
(At, h) (i.e, h has signature - -i- -i- ... -i-), with n > 3 which satisfies The Einstein equations 


- —h - 






( 1 ) 


where Ric'’ and are respectively the Ricci and the scalar curvatures of of h, Q is Newton’s constant, 
c is the speed of light and T is the stress-energy tensor of non-gravitational fields (i.e. matter fields, 
elecfromagnefic field...). 


Einsfein equafions are roughly speaking hyperbolic of order 2. Hence all solufions can be obfained 
from fheir inifial values af some “time f=0”, fhe mefric g induced on a Cauchy hypersurface M c At, 
and ifs inifial velocify, the second fundamental form K of the embedding M c At. By the Gauss 
and Codazzi equations, the choice of (M, g, K) from ( 1 ) must satisfy the so-called Einstein constraint 
equations. In the vacuum case, i.e. when 7 = 0, these equations are 


A -1^1? + = 0. pj 

K - dg tTgk = 0 . 

Constructing and classifying solutions of this system is an important issue. Eor a deeper discussion 
of (2) , we refer the reader to the excellent review article [2]. One of most efficient methods to find 
inifial dafa satisfying (2) is the conformal method developed by Eichnerowicz [15] and Y. Choquet- 
Bruhat-Jr. York [4]. The idea of this method is to effectively parameterize the solutions to (2) by some 
reasonable parts and then solve for the rest of the data. More precisely, we assume given some initial 
data: a Riemannian manifold (M, g) which we will assume compact, a mean curvature t (a function), a 
transverse-traceless tensor cr (i.e. a symmetric, trace-free, divergence-free (0,2)-tensor). Then we look 
for a positive function (p and a 1 -form W such that 

g = <p^-^g, k = -p^-^g + ip-\(T + LW) 
n 

is a solution to the vacuum Einstein constraint equations (2). Here N = ^ and L is the conformal 
Killing operator defined by 

LWij = ViWj + ^jWi - j^'^Wkgij, 
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where V is the Levi-Civita connection associated to the metric g. 


Equations (2) can be reformulated in terms of tp and W as follows: 





[Lichnerowicz equation], (3a) 


[vector equation], 


(3b) 


where is the nonnegative Laplace operator and L* is the formal L^-adjoint of L. 


These coupled equations are called the conformal constraint equations. During the past decades, 
many existence and uniqueness results for (3) were proven. They depend on the Yamabe invariant J/g 
of the metric g defined by 



= inf 

feC°°(M) 

f*0 


When T is constant, the system (3) becomes uncoupled (since dr = 0 in the vector equation) and a 
complete description of the situation was achieved by J. Isenberg [13]. The near CMC case (i.e. when 
dr is small) was addressed soon after. Most results can be found in [2]. For arbitrary r however, the 
situation appears much harder and only two methods exist to tackle this case. The first one, obtained by 
Holst-Nagy-Tsogtgerel [12] and Maxwell [18], shows that the system (3) admits a solution, provided 
g has positive Yamabe invariant and cr ^ 0 is small enough. The second one, introduced by Dahl- 
Gicquaud-Humbert [5], states that if r has constant sign and if the limit equation 



( 4 ) 


has no non-zero solution V, for all values of the parameter a e [0,1], then the set of solutions {(p, W) 
to (3) is not empty and compact. This criterion holds true e.g. when (M, g) has Ric < -{n - \)g, with 
||“||^oo < (see also [9] for an extension of this result to asymptotically hyperbolic manifolds). An 
unifying point of view of these results is given in [8] and [20]. 

Conversely, nonexistence and nonuniqueness results for (3) are fairly rare. We refer to arguments of 
Rendall, as presented in [14], Holst-Meier [11], and Dahl-Gicquaud-Humbert [6] for attempts to ob¬ 
tain such results. In the vacuum case, the only model of nonuniqueness of solutions is constructed 
on the n-torus by D. Maxwell [19] while the only nonexistence result, achieved by J. Isenberg- 
Murchadha [14] and later strengthened in [5] and [8], states that the system (3) with cr = 0 has no 
solution when > 0 and rir/r is small enough. This assertion together with experimentations on the 
torus led D. Maxwell to post a question concerning whether the non-zero assumption of cr is a neces¬ 
sary condition for existence of solution to the conformal equations (3) with positive Yamabe invariant 
(see [19]). 

In this aiTicle, based on an idea from [8], we give another version of the main theorem in [5] and [20], 
which allows a in the limit equation (4) to be set to 1. Next we give seed data in the far from CMC 
case for which the system (3) has no solution. As a direct consequence of this result, we exhibit cases 
of nonuniqueness of solutions and give an answer to D. Maxwell’s question stated above. 


1.2. Statement of results; Let M be a compact manifold of dimension n > 3. Our goal is to study 
solutions to the vacuum Einstein equations using the conformal method. The given data on M consist 
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in 

• a Riemannian metric g € C^, 

• a function t € (5) 

• a symmetric, trace- and divergence-free (0,2)-tensor cr € 
with p > n. One is required to find 

• a positive function ip € 

• a 1-form W e 

which satisfy the conformal constraint equations (3). We also assume that 

• t2 > 0, 

• (M, g) has no conformal Killing vector field, (6) 

• cr ^ 0. 

We use standard notations for function spaces, such as L^, C*, and Sobolev spaces It will be 
clear from the context if the notation refers to a space of functions on M, or a space of sections of some 
bundle over M. For spaces of functions which embed into L°°, the subscript -i- is used to indicate the 
cone of positive functions. 

We will sometimes write, for instance, C(ai,a 2 ) to indicate that a constant C depends only on a\ 
and a 2 - 

After briefly sketching basic facts on the conformal constraint equations (3), in Section 3 we use the 
Leray-Schauder fixed poinf theorem introduced in [20] to obtain the main result of this article, which 
is another version of [5, Theorem 1.1] and of [20, Theorem 3.3]: 

Theorem 1.1. Let data be given on M as specified in (5) and assume that conditions (6) hold. Then at 
least one of the following assertions is true 

(i) The conformal constraint equations (3) admit a solution {ip, W) with ip > 0. Furthermore, the 
set of solutions {ip, W) € Wf x W is compact. 

(ii) There exists a nontrivial solution V e to the limit equation 

1 * In - I dr 

--L*LV=J -|LF| —. (7) 

2 y n T 

(iii) For any continuous function f > 0 or f = R if }Lg > 0, the (modified) conformal constraint 
equations 

+ = -- — -T^(p^~^ +\LWf(p^^~'^ (8a) 

n-2 n 

-\l*LW = ^^^<p^dT (8b) 

2 n 

have a (non-trivial) solution (ip, W) € X W^'^. Moreover if > 0, there exists a sequence 
[?;} converging to 0 s.t. the conformal constraint equations (3) associated to the seed data 
(g, tjT, cr) have at least two solutions. 

Comparing with the original version of Dahl-Gicquaud-Humbert, the price to pay to control the 
parameter (a = 1) is the addition of (Hi). However, we will see that this assertion is necessary (see 
Theorem 1.2 below). 
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In Section 4 we present several applications of Theorem 1.1. The basic idea of these applications is 
to seek seed data such that neither (/) nor (ii) in Theorem 1.1 holds. It follows then that (///) is satisfied. 
In this approach, one of our main result is the following: 

Theorem 1.2. {Nonexistence of solution) Let data be given on M as specified in (5) and assume that 
conditions (6) hold. Furthermore, assume that there exists c > 0 s.t. |^(^)| ^ V be a 

given open neighborhood of the critical set of t. If (t f 0 and suppicr] £ M \ T, then both of the 
conformal constraint equations (3) and the limit equation (!) associated to the seed data {g,'F,k(T) 
have no (nontrivial) solution, provided a and k are large enough. 


We point out that [5, Proposition 1.6] provides the existence of seed data satisfying such assumptions. 
In fact, our proof for Theorem 1.2 is an extension of arguments in [5, Proposition 1.6]. It is worth noting 


that 


dr" 



Therefore given non-constant |t| > 0, provided that a is large enough, is a far-from-CMC. Moreover, 
as we will see later in the proof, the role of (a, k) in Theorem 1.2 is as follows. We need the largeness 
assumption of a to ensure that the limit equation (7) associated to (g, F') has no solution. It follows that 
given a large enough depending on (g, r, c), the set 


Sa = {(^5 W) I 3k e R+ : {ip, W) is a solution to (3) associated to (g, -F, kcr)| 


is bounded in x That means that the system (3) associated to {g, t°, kcr) has no solution for 
all k large enough depending on {g, r, cr, a) as claimed. 


As direct consequences of Theorem 1.1 and 1.2, we also obtain the following results. 

Corollary 1.3. (An answer to Maxwell’s question ) Let (M, g, r) be given as in Theorem 1.2. IfNg > 0, 
then the conformal constraint equations (3) associated to (g, t‘',0) have a (nontrivial) solution for all 
a> Q large enough. 

Corollary 1.4. (Nonuniqueness of solutions) Assume that (M, g, r, cr, a, k) is given as in Theorem 1.2. 

> 0, then there exists a sequence {f;} converging to 0 s.t. the conformal constraint equations (3) 
associated to seed data (g, ti-F, kcr) have at least two solutions. 

Acknowledgements. The author wishes to express his gratitude to Romain Gicquaud for his help in 
proving Theorem 1.1 and his great patience and care in the proofreading of preliminary versions of this 
aiticle. The author would also like to thank Emmanuel Humbert for his advice and helpful discussions. 


2. Preliminaries 


In this section, we review some standard facts about the Lichnerowicz equation on a compact 
n-manifold M: 


^(.n-l) n-l 2 N-i ^ 

- Au + Ru-\ - T u = „ , . 

n-2 n 


( 9 ) 


Given a function w and p > n, we say that u+ e is a supersolution to (9) if 


4(?i - 1) . n-l 

-Au+ -t- Ru+ -I- 


n — 2 n 

A subsolution is defined similarly with the reverse inequality. 


^ - „A+1 • 


Proposition 2.1. (see [17]) Assume g € and w, r € L^p for some p > n. If u-,u+ e are 
respectively a subsolution and a supersolution to (9) associated with a fixed w such that u- < u+, then 
there exists a solution u € to (9) such that u- < u < u+. 
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Theorem 2.2. (see [13] and [17]) Assume w, r e and g e for some p > n. Then there exists a 
positive solution u € to (9) if and only if one of the following assertions is true. 

1. 3/g > 0 and w ^ 0, 

2. 3/g -0 and w ^ 0, r ^ 0, 

3. }/g < 0 and there exists g in the conformal class of g such that 

4. 3/g = 0 and w = 0, r = 0. 

In Cases 1-3 the solution is unique. In Case 4 any two solutions are related by a scaling by a positive 
constant multiple. Moreover, Case 3 holds if 3d g < 0 and the set of zero-points of t has zero Lebesgue 
measure (see [21 ] or [1, Theorem 6.12[). In particular, existence and uniqueness are guaranteed if 
|t| > 0 and w ^ 0 independently of3fg. 


The main technique used to prove the theorem above is the conformal covariance of (9). 


Lemma 2.3. (see [18, Lemma 1[) Assume g € C^ and w,t € if p for some p > n. Assume also that 
<p € W^’^. Define 

g - f'^g, vv - ]C^w, T = T. 

Then u is a supersolution (resp. subsolution) to (9) if and only if u - (p~^u is a supersolution (resp. 
subsolution) to the conformally transformed equation 


4(«- 1)a , n 

-Asm + /tsM H-T M - 

n-2 ^ ^ n 


A+l ■ 


In particular, u is a solution to (9) if and only ifu is a solution to (10). 


( 10 ) 


From the techniques in [8], we get the following remark. 

Remark 2.4. Theorem 2.2 guarantees that given any w e C° \ (0), there exists a unique corresponding 
solution u € to (9). Let (g, w, f, u) be given as in Lemma 2.3. For any k>N-\-\, multiplying (10) 
by if and integrating over M, we obtain 


4(n — 1) 
n — 2 


I u^Aiu,dvg-t- I 1 

Jm ^ ^ Jm 


/?SM*^+Vvs + 


M - 1 


/ 

Jm 


7” tl Ct\d Q — 




W U dVg. 


Integration by parts tells us that the first integral is nonnegative, then we get that 


(min/?^^ J' uf^^dv^ < J' i 


W u dv 


g 

( k-N-l N+2 

J" if'^^dvA (J' |vv| "+2 dvgj (by Holder inequality). 


< 


It follows that 




if^^dvi 


N+2 

k+l 


< 


/i 


2^ 

"+2 dVn 


N+2 

k+l 


Taking k —> oo, we obtain that 


(min/?|) (maxM)^'*'^ < max|w|^. 

Since u = (p~^u and w = 0“^w, we get from this inequality that 

(min7?|)(min0)2^(max(^)“^^+2) (maxM)^''^ < rnaxjwl^. 
The following lemma will be used all along the paper. 


( 11 ) 


Lemma 2.5. (see [20, Lemma 2.6[) Assume that v, u are respectively a supersolution (resp. subsolu¬ 
tion) and a positive solution to (9) associated with a fixed w, then 

V > u (resp. <). 
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In particular, assume uq (resp. ui) is a positive solution to (9) associated tow = wq (resp. wj. Assume 
moreover |wo| < |wi|, then uq < u^. 


Proof. We will prove the supersolution case, the remaining cases are similar. Assume that v, m are a 
supersolution and a positive solution respectively of (9) associated to a fixed w. Since n is a solution, u 
is also a subsolution, and hence, as easily checked, so is tu for all constant t e (0,1]. Since minv > 0, 
we now take t small enough s.t. tu < v. By Proposition 2.1, we then conclude that there exists a solution 
u' € of (9) satisfying tu < u' < v. On the other hand, by uniqueness of positive solution of (9) 
given by Theorem 2.2, we obtain that u = u', and hence get the desired conclusion. □ 


Remark 2.6. In the next section, we will study a modified version of (9).' 


4(?i - 1) 


Am + (tR + (1 - t)f) u + 


1 




w 

,A+i' 


( 12 ) 


where t € [0,1] is a parameter and f > 0 is a given continuous function. Vfe assume further that 
minr^ > 0. In this situation. Theorem 2.2 and Lemma 2.5 are still valid for the equation (12). For 
instance, we will see that existence and uniqueness of solutions given in Theorem 2.2 is still true here. 
In fact, suppose that w € \ (0). Let fif > Obe the unique positive solution to 


4(m 


1) n 

“Am + RfU + — 




W 

~N+\ 


(13) 


n-2 " n u‘' 

with Rf = sup, (max{?/? + (1 - t)f }) > 0 (here existence and uniqueness of ij/f is proven similarly to 
Case I of Theorem 2.2). It is easy to see that fif is a subsolution to (12). On the other hand, since 
minr^ > 0, provided that k > 0 is large enough, k is a supersolution to (12), and then the (modified) 
Lichnerowicz equation (12) admits a solution by the method of sub-and super-solution (note that k is 
also a supersolution to (13), then k > fif by Lemma 2.5). For any f we now observe that 

similarly to the proof of Lemma 2.3, u is a solution to (12) if and only if u = (f)~^u is a solution to the 
following equation 


4{n - 1) 


AgU + [R^g + i\-t)(f-R)]u + 


1 




W 

tjN+l ’ 


where f = R = and (g, vi>,t) is given as in Lemma 2.3. By using this fact, uniqueness 

of solution to (12) follows in much the same way as in [17, Proposition 4.4]. Similarly, it is not difficult 
to show that Lemma 2.5 remains valid for the (modified) Lichnerowicz equation by the same argument. 


3. Proof OF Theorem 1.1 

In this section, we introduce the Leray-Schauder fixed point theorem used in [20] and obtain another 
version of the main theorem in [5] and [20]. We first recall the Leray-Schauder fixed point theorem 
(see e.g. [10, Theorem 11.6]). 

Theorem 3.1. (Leray-Schauder fixed point) Let X be a Banach space and assume that 

T : X X [0,1] ^ X 

is a continuous compact operator, satisfying T(x, 0) = Ofor all x e X. If the set 

X = [a € X| 3t € [0,1] such that x - T(x, t)) 
is bounded, then T(., 1) has a fixed point. 

Before going further, we make the following remark: 

Remark 3.2. {(p, W) is a solution to the conformal constraint equations w.r.t. the initial data {g,T,cr) 
if and only if{c~^ip, C~~ is a solution to the conformal constraint equation w.r.t. the initial data 
(g, C~T,C~^ crjfor any constant C > 0. 
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Proof of Theorem 1.1. We divide the proof into three steps 


Step 1. Construction of a continuous compact operator: For any continuous function f > Oor f = R 
if d/g > 0, we define the map Tf : x [0,1] ^ L°° as follows. For each {(p, t) e L°° x [0,1], there 

exists a unique e such that 


- - — 
2 n 


V 

Tp . 




(14) 


and, by Remark 2.6, there is a unique e Wf‘ satisfying 


4(n - 1) 


+ [tR + (1 - t)f] ^ -' + k + ^ \ 


We define 


Tf{ip, t) := tij/^^f 

Following [18] and [5], fhe mapping G : L°° —> defined by G{(p) = W^, wifh uniquely 
determined by (14) is continuous and compact. Thus, to show that Tf is, compact and continuous, it 
suffices to prove the continuity of Ty : C' x [0,1] ^ defined by ff{W, t) = ifr, where 


+ [tR + (1 - 0/] -A = + k + LWU-^-\ (15) 

n - 2 n 

We combine fhe techniques from [5, Lemma 2.3] and [20, Proposition 3.6] to prove that Tf is con¬ 
tinuous. Set M = In r f{W, t). We have from the definition of ff that 

Uu - \du\^) + [tR + (1 - t)f] - ^ 1 ^ ^ 

n-2 ^ ’ n 

Next, we prove that InoTj is a C'-map through the implicit function theorem. In fact, define 
f : C' X [0,1] X ^ U by 

F{W, t, U) = - \du\^) + [tR -E (1 - 0/1 + 'Izlf-N^ 2 ^(N- 2 )U _ 

n - 2 '' ' n 

It is clear that F is and, under our assumptions u = In (r^(VF, ?)) is the unique solution to F (VF, t, u) = 

0. A standard computation shows that the Frechet derivative of F w.r.t. u is given by 

FuiW, t){v) - (Av - {du, dv)) + k- l)(A^- 2 ) ^ 2 A.^ 2 g(A- 2 )».^ ^ 2)\o- + 

n - 2 n 

We first note that F„ e C x [0,1], L(IF^’^, L^^)^, where L{W^’P, denotes the Banach space of 
all linear continuous maps from VF^’^ into L^p. In particular, setting uq = In f{W, t)^ we have 

FuoiW, 0(v) - (Av - {duo, dv})+l k - 1)(A^ - 2) ^ 2 a.^ 2 ^(a- 2 )»o + (ai + 2)\ct + LW\'^e-^^-^^'>A v. 

n-2 \ n j 

Since 

f |(r + LW|V^^+2)"0r/v > f |(r + LWI^r/v - ( f \(T\^dv + f \LWfdv]>0, 

Jm Jm \Jm Jm I 

the non-negative term ^ («-i)W-2) ^ 2 n^ 2 ^(n- 2 )uo + (ai + 2)\cr + is not identically 0. Then 

we can conclude by the maximum principle that F’«o(W', t) : IF^’^ ^ L^p is an isomorphism (see [10, 
Theorem 8.14]). The implicit function theorem then implies that In off is a -function in a neigh¬ 
borhood of (VF, t), which proves our claim. 


Step 2. Application of the Leray-Schauder fixed point theorem: We now set 

L“| 3t e [0,1] such that p - Tf{ip, t)). 
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By the Leray-Schauder fixed point theorem, if K is bounded, then the system (3) associated to {g, r, cr) 
admits a solution, which is our first assertion. 


Assume from now on that K is unbounded. So there exists a sequence ((/?,-, Wi, tj) satisfying 

+ [tiR + (1 - ti)f] ipi = --—+ \cr + (16a) 

-U*LWi = —tfiffdT, (16b) 

2 n 

with II^jIIl” —> +00 (see [20, Theorem 3.3 or Proposition 3.6]). We need to discuss the following four 
possibilities. 

• Case 1. (after passing to a subsequence) 6 —> to > 0.' We argue similarly to [5, Theorem 1.1] 
or [20, Theorem 3.3] to obtain existence of a nontrivial solution V € to the limit equation 


1 * 

--VLV = 
2 


- 1 dr 
- \LV\—, 

n T 


which is our second assertion. In fact, we set y,- = ||</3,||oo and rescale ipi, Wi and cr as follows: 

= rrV;> Wi = 7~^Wi, cFi = y~^cr. 


Note that by assumption y,- = ||^,| 


1 


.,N-2 


A(n - 1) 
n — 2 


Aifii + (tiR + (1 - ti)f) ipi 


1 


oo as / —> oo. The system (16) may be rewritten as 
n — \ 


—VLWi = 
2 


n 

n — \ 


+ I? + (17a) 


n 


-tfipfdT. 


(17b) 


Since ||^;||oo = 1, we conclude from the vector equation that (Wi). is bounded in and then 

by the Rellich theorem, (after passing to a subsequence) Wi converges in the C'-norm to some 
Woo- We now prove that 


(Pi ^ poo ■— 


n \LWoo\ 
n-l t^r 


inL“ 


(18) 


Note that if such a statement is proven, passing to the limit in the vector equation, we see that 
Woo is a solution to the limit equation (7). On the other hand, since ll^ilU = 1 for all /, we 
have ll^oolloo = 1 and, in paiTicular, Woo ^ 0 from (18). Therefore, the non-triviality of Woo is 
obtained, and the second assertion follows. 


Given e > 0, since e c°, we can choose cu e C+ s.t. 

„ riT iLWooi 
[yn-l t^T 

To show (18), it suffices fo show fhaf 

\9i “ - I 

for all i large enough. We argue by confradicfion. Assume fhaf if is nol frue. We firs! consider 
fhe case when (affer passing fo a subsequence) fhere exisfs a sequence (ni,) € M s.f. 

(pfrui) > oj{mi) + 



( 20 ) 























NONEXISTENCE AND NON UNIQUENESS FOR THE CONSTRAINT EQUATIONS 


9 


By Lemma 2.5 and Inequality (20), cu + | is not a supersolution to the rescaled Lichnerowicz 
equation. As a consequence, there exists a sequence (p,) e M satisfying 


1 / 4(?i 


.N-2 


y\ 




+ 






N-\ 


(Pi) 


< \ai + LWi\ 




-N-l 


(Pi)- 


By compactness of M, we can assume that (p,) converges to some poo e M. Since (oj + and 
r are positive, the previous inequality can be rewritten as follows 


n^co + 


N+l 


{n - 


4{n - 1) 
n-2 


^ I ^ + (1 ~ U)f) (^ + a + (^ + a 


< 


2N 


(Pi) 




Taking i 00 , due to the facts that oj € C^, min |t| > 0, t,- ^ to > 0, y, 00 and IT,- ^ VToo in 
C^-norm, we obtain that 


<n- i)(fVrf-2 (irrr * (“ ■" 5) (" ■" 1,11 ^ ^ ®' 


w + -j (pi) [^+ 2 ) 


and 


n ( |(T,- + LIT,’I 


n - U t^T 


(Pi) 


n {ILlTool 


n-l\ t^i 


(Poo), 


This proves that 


coipoc) + - < 


n ILWo. 
n-l t^r , 


(Poo), 


which contradicts (19). 

The argument is similar if there exists a sequence (nii) € M s.t. S(ni,) - f > lpi(mi). 


• Ca^'c 2. (q/tcr passing to a subsequence) ti —> 0.' Note that Equations (16) say that the (mod¬ 
ified) conformal constraint equations associated to the seed data (g, t^r, cr) have a solution 
{ipi, IT,). To derive the last two assertions, we need to free t of t,- in the seed data. Then, rather 
than considering (g, t^T, cr), by Remark 3.2, we can equivalently work on another one more 
suitable, allowing to remove ti from the mean curvature t, and hence by straightforward calcu¬ 
lations as seen below the sequence {tJVilieN will naturally appear and play an important role in 
characterizing our case. In this context, there are three situations arising depending on whether 
(after passing to subsequence) t”||<p,||L“ converges to - 1 - 00 , 0 or a positive constant. We will 
address each of them. 
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In the first situation, i.e. t"||^,ilL“’ ^ by Remark 3.2, the system (16) may be rewritten as 


+ [tiR + (1 - ti)f] ipi = -- —‘ + 
n — 1 n 

-\vLWi = —IpfdT, 

2 n 

ii{N+2) 

- If 2 


/i(A'+2) _ 

t. - o- + LWi 




-N-l 


(21a) 

(21b) 


where (^,-, Wi) ^ (/>,•, t. ^ and ^ oo- Again, taking / ^ oo we argue 

similarly to Case 1 and obtain that there exists a nontrivial solution Vkoo e W^'P to the limit 
equation (7) as stated in (//). 

The next situation, i.e. t"||(/Ji||L” —> 0, cannot happen. In fact, also by Remark 3.2 the sys¬ 
tem (16) may be rewritten as 

2 




n — 2 


y. ^ (T + LWi 




■N-\ 


^ T*Tur . 

--L LWi = - 1 ,- Ji 9i dT, 

2 n ‘ 


(22a) 


(22b) 


— ^+2 

where y; ^ ||^,||l” and (^;, Wd = (yJ^<Pi,yi ^ Wi). If / > 0, for any k > 77 -i- 1, multiplying 


(22a) by ^ and integrating over M, we obtain 


4(?i - 1) r ^ 


n - 2 


f ^A(pidv+ f [tiR 

JM JM 


+ il-ti)f]^^^dv + 


n-l 


f 

JM 


f tfyf- 2 r 2 ^+^-'dv 

JM ‘ ‘ ‘ 


y. - cr + LWi 


(23) 




Integration by parts tells us that the first integral is nonnegative, then we get that 


(min {tiR -i- (1 - t,)/}) 


r ^^'dv< f 

JM JM 


y. - cr + LWi 




k-N-l , 
A+1 


<(f ij 

\Jm / \Jm 

(by Holder inequality). 


7V+2 ^ 

y. - cr + LWi 


N+2 

mil \— 

N+2 

dv 


It follows that 


(min{6R-i-(l - 6)/)) 
Taking ^ ^ oo, we obtain that 


iV+2 / 

r '^^^ dv \ < f 

JM J \Jm 


N+2 

2 


y. 2 cr + LWi 


N+2 
\ k+l 

N+2 

dv 


(min {liR -t (1 - 6)/}) (max < max 


y“ - ir + Llk,- 


(24) 


However, since ||^,||l“ = 1 and t"y, ^ 0, we obtain from the vector equation (22b) that 
||Llk, 11^00 ^ 0, and then by the fact that 6 —> 0 and y, ^ -i-oo, taking / ^ -i-oo we conclude 
from (24) that 0 < min / < 0, which is a contradiction. 


Now if d/g > 0 and / = R, we let g be a conformal metric where a positive function 

way that R| > 0. Note that mi 

tiR + {I - ti)f = R if f^R. 


(p € Wy is chosen in such a way that R| > 0. Note that max (fi = 1 and that 
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Arguing as to get (11) in Remark 2.4, we then have from (22a) that 


(min R^) (min (max 


< max 


r,- 


cr + LW: 


(25) 


Taking i —> +cx3, since y, ^ +oo and LVk,- 


0, it follows from (25) that 


0 < (minR^)(min(/.)2^(max0)“(^+2^ < 0, 


which is also a contradiction, and hence the situation where t"||^,||L>» —> 0 cannot happen as 
claimed. 


For the last one, i.e. t"\\(pi\\L,oc —> c for some c > 0, by Remark 3.2, we again obtain the 
system (21) where the condition ||^,||l” —> +oo is replaced by ||^,||l“ ^ c. It follows from 
(21b) that (after passing to a subsequence) IT, converges to ITo in C^. If LWq = 0, arguing as 
to get (24) and (25) in the previous situation, we have from (2 1 a) that 

if / > 0: (min{f,7? + (1 - f,)/)) (max^,)^^^ < max 

if J/g > 0 and if f = R: (min/?^) (min (p)^^ (max (max^,)' 

where g is given as above, i.e., g = (/>^~^g with (p € IT^’^ and R^ > 0. This is a contradiction 
since 

f if / > 0: (min {UR + {I - f,)/}) (max^ (min/) > o, 

1 if J/g > 0 and if f = R\ (min (min (p)^^ (max 0)“^^^^' (max —» (min (min <p)^^ (max > 0. 


njN+T) _ 

f, - 0- + LW, 


0 , 


f2 


< max 


t. - cr + LWi 


0 , 


Thus, we obtain LWq ^ 0. Now we can let be the unique positive solution to the equation 


4(n - 1) 
n — 1 


A(p + f(p = 


n - I 




(Here if / > 0, existence and uniqueness of is proven similarly to Case 1 of Theorem 2.2). 
To show that (JpQ, ITq) is a (nontrivial) solution to system (8), which is the first statement of our 
last assertion, it suffices fo show that ^ in U°. In fact, since LWq ^ 0, arguing similarly 
to the continuity of T/- in Step 1, we obtain that the map T / : x [0,1] —> IT+ defined by 

Tf{w, t) = ipi& continuous, where is any given open neighborhood small enough of |LITol 
in L°° and tp is the unique positive solution to the equation 


4(n - 1) 
n — 1 


Aip + [tR + (1 - t)f] <p = - 


-T if 

n 


+ W^(p 


-N-\ 


Combining this and the fact that 
claimed. 




n{N+T) _ 

t. - cr + LIT,- 


(O, |LITo|) we obtain ip, (p^ as 


To complete our proof, the remaining work is to treat nonuniqueness results for the conformal con¬ 
straint equations with positive Yamabe invariants. 


Step 3. Nonuniqueness of solutions: Assume that 3/g > 0. If neither (/) nor (//) is true, taking 
f = R, arguments above then tell us that there exists a sequence {t,-} converging to 0 s.t. the system (3) 
associated to (g, t^r, cr) has a solution (^,-, IT,) satisfying || 9 ?,-||z,» —> oo. On the other hand, we know 
that provided d > 0 is small enough, the system (3) associated to {g, 6 t, cr) admits a solution {(ps, IT^) 
such that < c\ for some constant ci > 0 independent of 6 (see [20, Theorem 4.8 and Remark 

4.9] or [8, Theorem 2.1]). This completes the proof of Theorem 1.1. □ 
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Remark 3.3. If < 0, we can omit the assumption cr ^ 0 in Theorem 1.1. In fact, let {cr,} be a 
sequence of non-zero transverse-traceless tensors converging to 0. Suppose that neither assertion (ii) 
nor (Hi) holds. By Theorem 1.1, the system (3) associated to o' - o'i has a solution (cpi, Wi). Moreover, 
these solutions must be uniformly bounded since we assumed that the assertion (ii) is not satisfied. Note 
that by Case 3 of Theorem 2.2 and Lemma 2.5 we have that (pi > min^o > 0. where (po is the unique 
positive solution to the Yamabe equation. 


Thus, taking i 


4{n - 1) . 

- -vRp^- 

n — 2 

oo, we obtain our claim. 


-T (p 

n 


4. Applications of Theorem 1.1 


In this section, we show nonexistence and nonuniqueness results and answer a question raised in 
[18] (see the middle paragraph but one of page 630) as stated in the beginning of this article. For 
convenience, we will repeat their statements and give the corresponding proofs. We first construct a 
class of seed data such that the corresponding equations (3) and (7) have no (non-trivial) solution. 


Theorem 4.1. (Nonexistence of solution) Let data be given on M as specified in (5) and assume that 


conditions (6) hold. Furthermore, assume that there exists c > 0 s.t. 


< 2c|^P. 


Let V be a 


given open neighborhood of the critical set of t. If cr ^ 0 and suppicr) Q M \ V, then both of the 
conformal constraint equations (3) and the limit equation (7) associated to the seed data {g,F‘, 
have no solution, provided a~^,ea > 0 are small enough. 


Examples where the assumptions of this theorem hold are given in [5]. Let us sketch briefly their 
construction. Let M be the unit sphere S” lying inside Choose t = exp(xi) so that {drlr)^ is a 
conformal Killing vector field for the round metric O on S”. The critical set of r then consists of the 
points (±1,0,..., 0). Let V be an arbitrary neighborhood of these points such that S"\V has non-empty 
interior. By a result of [3], we can deform the metric O on S” \ L to a new metric g so that g has no 
conformal Killing vector. The condition < 2c|^p is then readily checked. Non-trivial TT- 

tensors with arbitrarily small support were constructed in [7]. His construction shows that there exists 
cr ^ 0 whose support is contained in S" \ V. 


Proof of Theorem 4.1. We argue by contradiction. Assume that for each (a, e) s.t. a ea > 0 are small 
enough, there exists ^e,a) satisfying the conformal constraint equations 


RPe,a = - -^ + 


--L*LW,,a = 


n 

n — \ 


(T 

— + LW, 
ea 


e,a 




-pladrf 


(26a) 

(26b) 


We will use the rescaling idea of Dahl-Gicquaud-Humbert [5] to show that such existence yields a 
contradiction. In fact, we rescale ^e,a as follows 


Pe,a = esp^a, = eW^.a- 


The system (26) may be written as 
_2.~N+1 ( 4(ll ~ 1) 


e''Pe 


n-2 


Ap^^a + Rpe.a = 


n — I 


-^L*LW,,a 


n 

n — \ 
n 




cr 

-+LW, 
a 


e,a 


Tlad^‘- 


We divide our proof into two cases. 


(27a) 

(27b) 
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Case 1. lime_>o ||</’6,a||^cc < Arguing as in the proof of Theorem 1.1, taking e ^ 0 we obtain that 
there exists Wa e satisfying 


--L*LWa = 
2 


n - I 


cr 

-+LWa 

a 


dT‘‘ 


n - I dT 

-|cr + aLWa\ —. 

n T 


(28) 


However, (28) cannot happen for all a > 0 large enough by [5, Proposition 1.6]. In fact, take the scalar 
product of this equation with r/r/r and integrate. It follows that 


n-\ r 

n Jm 


\cr + aLWa\ 


dT 


— 2 ! 

JM 


{LWa,L{dTlT)}dv 


M 

dr 

T 


(29) 


\LWa\dv (by our assumption). 


Combining this with the fact that |cr + aLWa\ > a\LWa\ - \(t\, we conclude that for ci = v 


(a - Cl) 


f 

dr 

Jm 

T 


\LWa\dv < f |cr| 
JM 


dr 


dv. 


Since the right-hand side of the inequality above is bounded, we must have 

2 

\LWa\dv = 0. 


lim 

a—^00 


f 

dr 

Jm 

T 


(30) 


It then follows from (29) that 


lim r I 


lim Icr -I- aLWn 


dr 

T 


dv = 0. 


Since |^| > d on M \ P for some d > 0 independent of a, we then have by the previous inequality that 


lim 

a—^oQ 


f I 

Jm\v 


\(T + aLWa\dv = 0. 


(31) 


On the other hand, since supp{cr} c M \ P, we get that 


I (cr, cr + aLWa}dv 

JM 

Together with (31), this shows that 


< IkiiLo 


f I 

Jm\v 


\cr + aLWa\dv. 


lim r {cr,aLWa)dv = - f | 

Jm Jm 


aLWa)dv = - \crfdv. 


( 32 ) 


However, since cr is divergence-free, we must have 




{(T,aLWa)dv = 0 


for all a > 0, which contradicts with (32). 
Case 2. limf^o l^.alLoo - +°°-' Setyf^a = 


we rescale ^e,a, o'£,a again 
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The system (27) may be rewritten as 

2 -(A-2)-W+1 / ~ 1) 

‘Pe,a '- 


+ K<Pe,c 


-^L*LW,,a = 


n - I 


n 

n - I 




(T 

-+LW, 
a 


e,a 


n 


pladl^. 


(33a) 


(33b) 


Arguing as in the proof of Theorem 1.1, and taking e 
nontrivial solution Wa e W^'P satisfying the limit equation 


0 we again obtain that there exists a 


^-L*LWa = 


n-\ d-i^ 

- \LWa\ —=a 

n t“ 


— \lwA. 

n T 


(34) 


Our treatment for such limit equation is also similar to the previous case. In fact, take the scalar product 
of this equation with r/r/r and integrate. It follows that 

2 


n — \ 


f \LWa 

JM 


dr 

T 


dv - 


-u 

JM 


{LWa, L{dTlT)}dv 


M 

\LWa\ 


dr 

T 


(35) 


dv (by our assumption). 


Then assuming a > we obtain that \LWa\ hence \LWa\ |^| = 0. Thus, we 

obtain from (34) that Wa = 0, provided that (M, g) has no conformal Killing vector field. This is a 
contradiction with the fact that Wa is nontrivial. 


Since Case 2 coincides with the situation of nonexistence of a solution to the limit equation (7), the 
proof is completed. □ 

As direct consequences of Theorem 1.1 and 4.1 , we have the following results. 

Corollary 4.2. (An answer to Maxwell’s question ) Let (M, g, r) be given as in Theorem 4.1 . If^g > 0, 
then the conformal constraint equations (3) associated to (g, t'^,0) have a (nontrivial) solution for all 
a> Q large enough. 

Proof We have by Theorem 4.1 that for all a~^,ea > 0 small enough, seed data satisfies 

neither (/) nor (//) in Theorem 1.1, provided cr is given as in Theorem 4.1. Thus, our corollary is proven 
by the first statement in the assertion (in) of Theorem 1.1 with f = R. The proof is completed. □ 

Corollary 4.3. (Nonuniqueness of solutions ) Assume that (M, g, t, cr, a, e) is given as in Theorem 4.1. 

> 0, then there exists a sequence {?;) converging to 0 s.t. the conformal constraint equations (3) 
associated to (g, ti'd’, ^) have at least two solutions. 

Proof. The same arguments as in Corollary 4.2 works here. More precisely, the only difference from 
the previous corollary is that we will use the second conclusion in the assertion (Hi) of Theorem 1.1 
with f = R instead of the first, and then the corollary follows. □ 
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